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ACT

The main purpose of the paper is to present a unified treat

tep integration methods for systems of ordinary differential
k

f(;), % satisfying a linear splitting %(;) = Z %i(;). The

i=1
systems which originate from semi-discretization of time de

al differential equations. A class of integration methods is
contains all known splitting methods, such as alternating d
ocally one-dimensional methods, provided these methods are £

emi-discretized equations satisfying a linear splitting.
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[TRODUCTION

In the numerical treatment of partial differential equations the
of splitting is to break down a complicated multi-dimensional process
a series of one-dimensional, and less complicated processes. Well-
. splitting methods (also referred to as fractional step methods) are
lternating direction methods, (PEACEMAN & RACHFORD [12], DOUGLAS [21),
ocally one-dimensional methods (YANENKO [16, p.23]), and the hop-
h methods (GOURLAY [6,8]). Since the first papers of Peaceman, Rachford
ouglas, many authors has written contributions in this field, mainly
itial boundary value problems. In these contributions, splitting me-
are generally formulated and analysed as so-called direct grid methods.
dea of splitting can also be applied in conjunction with the method of
» an approach which is preferred by the authors. In order to elucidate

point of view we mention three points:

The character of a splitting difference scheme, when formulated as a
direct grid method, is governed almost wholly by the type of the time
discretization. The type of the space discretization is of lesser impor-
tance (cf. the discussion in GOURLAY & MITCHELL [7]).

In the analysis and application of direct grid splitting methods the
boundary treatment takes an important place and often causes severe
problems (cf. the discussion in GOURLAY [8]). Point 1° suggests that

in the analysis and application of a splitting difference scheme for
initial boundary value problems the boundary treatment is better handled
apart. This is achieved by applying the method of lines.

By defining splitting methods for semi-discretized partial differen-
tial equations, or in general for systems of ordinary differential
equations, it is possible to give a unified treatment of these methods.
When defining these methods as direct grid methods, this is hardly

possible.

.. . o . . .

To our opinion point 3~ is very important. Consequently, the main

se of the present paper is to formulate a wide class of splitting me-
for ordinary differential equations, which contains all known one-

splitting methods for a general class of problems. We will consider




on-linear systems of ordinary differential equations of the autonomous
orm

>

d ->
1.1) T=im,

X

f which the right-hand side %(;) is supposed to be linearly splitted into

terms, i.e.
> > k > >
1.2.) tm» =1 £,
. + ° 3 .
here the vector functions f. are supposed to be of sufficient differen—
i
iability. The restriction to autonomous form is made for notational con-

enience and is not essential, i.e. results can be easily extended to equa-

ions of the non-autonomous form
d; > ->
1.3) Ix - f(x,y).

n the definition of our integration formulas no further a priori knowledge
f the functions %i is assumed. In the paper, several examples of schemes
re given, which may be recognized as existing schemes, or as generaliza-
ions, when we confine ourselves to a particular problem class.

For the preparation of this paper the book of YANENKO [16] on frac-
ional step methods and the survey of GOURLAY [8] were very useful.

. THE CLASS OF SPLITTING METHODS

> . . .
Let Y, denote the numerical approximation at x = X . Let hn denote

1e n—th integration stepsize, i.e. h = X - The class of splitting

x -
n+l
esthods discussed in this paper is then defined by the m~th stage, one-

tep scheme

-+(0) _ >
yn+1 - yns




. j
(2.1) =5 +n 2 b 1§ g GOSN, 5= 1m,
- _ >(m)
Yn+#1 = Ine1e

The parameters Xjﬂi serve to make this scheme a consistent approximation to
the differential equation (1.1). But, in particular, they should be used to
exploit the splitting property (1.2) in order to obtain a computationally

efficient and numerically stable process. The calculation of the approxima-

(J)

tion v, is straightforward when the parameters Ajji’ i = 1(1)k, are equal
to zero. Otherwise, an algebraic system of generally non-linear equations
should be solved. Observe that for k = 1, i.e. when no splitting is per-
formed, scheme (2.1) reduces to a m—th stage, semi-explicit Runge-Kutta
scheme (see BUTCHER [1] or NORSETT [11]). In the sequel it is always assumed

that k > 2.

2.1, The order conditions

In this section we will derive the order conditions for scheme (2.1)

up to order p = 3. To that end we formally expand ; in a Taylor series

n+l
at the point x_:
n
- > o k - >(L) > >
(2.2) Voep =Y, *t b KZO DREE (5,3 + Gy -5, - DEG
R A ALY NS R
Yn
+ O(hi).

Here, ( . ) denotes the usual innerproduct and V is the gradient operator
(B/ByJ),where yJ is the j-th component of ;. In a similar way, for £ = 1(1)m,

£
>(L) o —>(r) > > >
NCIER A W rgo ng YRRt NGO CAIEE A v>fj(y>1§n

+ O(hn).




jubstitution into (2.2) yields

m k

f N -> _ -> >
2-2") Yn+1 T T Z ) i {fi(Y) *
T g=0 i=1
£ () + > > > >
+h ] Z Mop CE, D+ Gt =5, - E Gy 0E, )
=0 3= ] y 1
r=0 J—l n
I x —tz ‘—> 2—> -> 4
+ 42 ( Z I dps 560 - DG, + 0wy,
r=0 J 1 J vy
n
here AO . =0 for all r and j.
rj
'inally, by substituting
—>(r)_—> -h E Z A —f>(+)+0(h2)
Yn+1 Yn n 20 t=1 rst tn n

nd rearranging terms in (2.2') we arrive at the expansion

m
2.2") Yor1 = Yp + h EZO lz] Amﬂi ?i(yn) +
; If 1§ f ) .G .|
" Py A ,d, . E.G) L DE D]
,@—0 i=1 r=0 J 1 oli Krj j’n i yn
3 o k k - ye s
¥ hn ZZO Z m,ellz(rzo le M}_ j(yn) . V) fi(y) +
¥ : § % > % - }p >
+ rZO le SZO tzl A'erjkrst (( t(yn) . V) J(Y)IS’:IV) i(y)}g;n
+ 0.

'he formal expansion, up to order three, of the local analytical solution

(%) through the point (gn’;n) is given by




K —
-> > > >
(2.3) y(x +h ) =y +h izl £,y ) +

1.2 y Jea .3
+ L1y G.G) . DE®s +
2 n izl jzl 37n 1779,
kK ok
r=n ¥ (Y £@ .OE D] +
6 n .2y jzl ] 1 In

N O(hi).

'sing the relation

> > 2> > _ -> 2> > SN > . > =
E® . fi(y>|§n“ EG)-v HEOIg + ((f(yn).V)f(;)[?n-V)fi(}

:xpansion (2.3) may be written as

k
2.3") Y(Xn+hn) = Yn * hn iZI fi(yn) +
1.2 k k %~ -> % ->
* E-hn .Z .Z ( j(yn) -9 i(y)l'> *
i=1 j=1 Yn

1.3 k k - 2> >
cin 1Ol BG) G -

i=1 =1
1}:( 12( > > > —>| > >
+ (£ _(y ) -E.(¥)|> -V)f-(y)}+ +
j=1 t=] t n J yn 1 Yn
4
+ O(hn).

\ comparison of the expansions (2.2") and (2.3') yields the order condi-

:ions listed in table 2.1.




Table 2.1. Order conditions for scheme (2.1)

P éo Agei = 1o 1= 1K,
m £

P ZZI rzo ‘npiter; T 2 1.3 = 1Dk,
£

po rzo Aﬁrj =cp, j =101k,

m £ r |
KZI er SZO *meiteritese T 5 1edot = 1Dk

EMARK. In this paper w do not give a convergence proof of method (2.1).

t is observed that (2.1) is a one-step integration method of the type

> > > >
n+1~yn4-m1®mnﬁn”nﬂ

ence results for one-;step methods defined by general increment function

re well known in the literature (see e.g. HENRICI [9] or STETTER [25]).

» . 3 .
), ¢ denoting the increment function. Conver -

.2. The amplification matrix and the stability function

A widely accepted approach in the stability analysis of integratio
ethods for systems of ordinary differential equations is to analyse the

tability of the methods for linear systems

d -
——y=
2.4) P Jy,




here J denotes a constant matrix of which the eigenvalues possess non-

ositive real parts. Following this approach we write (cf. (1.2))

k
2.5) J = Z J.s
nd apply scheme (2.1) to equation (2.4). An élementary calculation yields
2.6) ;n+l =R (h J;,....,h )Y,
here the matrix Rm is defined by the formal relatioms

R (Z ) =

0 R/

|
=
-

1°° k

2.7)

.yZ

]
-
+
| > R’
>

Rj(Z],.. » s Zs Rp(ZpseeiinZ),

j=1,....,m.

ere, I denotes the unit matrix and Zi = thi, i=1,...,k. The matrix
m(zl,...,zk) is called the amplification matrix of the scheme. In order
0 derive stability results for schemes from class (2.1) one has to inves-
igate this matrix.

When performing such a stability investigation we must make assump-
ions about the matrices Ji. It is of course desirable that these assump-
ions are relevant for the differential equation under consideration. In
his respect it is of importance to note that the matrices Ji stand for the
acobian matrices of the functions %i’ For example, when discussing semi-
iscretized partial differential equations a relevant assumption in the
tability analysis is that the matrices Ji share the same eigensystem and
re diagonizable. In conformity with the stability theory of integration
lethods for ordinary differential equations we then investigate the sta-

ility of the scalar recurrence relation

2.8) Vo4 = Rm(zl""’zk)yn’




. . . k
‘here z; represents an eigenvalue of thi. The rational function Rm: ¢ ~>C

s accordingly called the stability function of the scheme. It shall be
lear that the analysis of the stability function is simpler than the ana-

ysis of the amplification matrix, which is sometimes inpracticable.

.3. An illustrative example of a two-term splitting method

In this section we derive a second order splitting method for equa-

ions which are splitted as (k = 2)

2.9) t» =13 +i,m.

e take m = 2, i.e. the method will use 2 stages. For p = 2 the order con-

ions then read

Y1iPog * M

n order to exploit the splitting property (2.9) we choose AIIZ = A22] = 0.

y this choice the implicitness of the scheme is distributed over two stages.
or calculational convenience we further put AlOl + A]ll = AIOZ + A112' This
ondition simplifies the second order conditions in (2.10). After some cal-

1lations we thus arrive at the following parameter matrices

Ao M 0

(Ajﬂl) = 9
Y-
2y grthg -l ] .
20111 2012
2.11)

AMot*tr 0 0 \\

(ijz) = ’

1 - j \
2 Moty m) Ay 2 TR Gy




AlOl’ A]ll and A212 are still free parameters which can be used to
the stability of the scheme.
The formal expressions for the amplification matrix (cf. (2.7)) is

by (note that the matrices Z, and 22 are generally non-commutative)

Ry(Z1529) = (I = %y, Zz)_]{(I * A1 41t rge Bt
(gpy Zy * Agpp ZD(@ = Ayqy 27"
(E+Ag1 21+ Mg 290
loice X221 ; Al]Z = 0 implies that the denominator of R2 does not

n Zf and Z2 terms. We prefer to be able to deal with functions fi

.arge Lipschitz constants, such as functions originating from semi-
:tization of a partial differential equation. Hence we will next

‘e that in the numerator these terms also vanish. Substitution of the
:ters listed in (2.11), and equating coefficients to zero, yields

1

: 3 and Az = 0, so that

12

) R, (Z,2,) = (I-42,) 7 (-2 7 (1Hz ) (1Hz,).

itrices (2.11) become

A-} i 0
(Ajzl) = 9
22-1 1
2x Py 0
)
A 0 0
(Ajzz): 2

Nl
o
Nl




still being a free parameter. The two-term splitting scheme generated

y (2.11") is given by

3 = T+ LO-DE G +aE,G) + 1 G

n+l
2.13)
> _ > 221 12 2 1—» ->(1)
Taa1 = Yn * B LCHE G G+ 5 Gy ¢
> >
+ %fz(yn_*_])]'
f we put A = 4, we finally obtain
>(1) _ > 1 > ! (1)
Ynt1 = Yn * zhan(yn) * (y 1)
2.13")
> _>(1) (1) L >
Yn+1 = Yn+1 F zh jf)1( 1) * zhn?Z(yn+l)'

iMARK 2.2. For the non-autonomous equation (1.3) the most natural exten-

ion of (2.13') 1is

>(1) _ >
ntl = Yn h f (x ,y ) + 2h ? (x, +1h ,y +1)
2.13")
- _+(]) TR (]) >
Yol = Yner *hoE Oty E G-

: should be noted however that the x-increments are not uniquely deter-
ined. For example, if we write X + %hn in all functioms in (2.13") sec-

1d order accuracy is preserved.

(1)

IMARK 2.3. The intermediate approximation Yot

ition to the local analytical solution at x = xn+§hn.

is a first order approxi-

The particular schemes from class (2.1), which are discussed in this
iper, may all be recognized as existing schemes, or as generalizations of

tisting schemes, when we confine ourselves to a particular problem class.
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To illustrate this we give three applications of scheme (2.13'), or its

equivalent (2.13"), which are known in the literature.

2.3.1. The odd-even hopscotch method

Let fi and yi denote the i-th component of the vector functions 3
and ;, respectively. Assume that 4 originates from semi-discretization of
a one- or multi-dimensional parabolic partial differential equatipn which
nay be linear or non—lineér. Assume further that each component fl, i odd
(even), only depends on yl and yj j # 1, with j even(odd). Next define
the functions ?] and %2 in (2.9) by

1, .
_f,?(_y*) {% (¥), i odd,
0

s, 1 even,

e

even,

.. F®,
—f)z(y) {
0 , 1 odd.

[hen, method (2.13') becomes an odd-even hopscotch method for semi-discre-

tized equations (see GOURLAY [6], see also VERWER [15]).

2.3.2. The alternating direction method of Peaceman and Rachford

Assume that f originates from semi-discretization of a two-dimen-
sional parabolic equation of which the differential operator can be written

. . >
as a sum of two one-dimensional operators. Let ?1 and f, represent these

two semi-discretized operators. Then, method (2.13") beiomes an alternating
lirection method of the Peaceman-Rachford typé for semi-discretized equa-
tions (see PEACEMAN & RACHFORD [12]). Here it is assumed that in (2.13')
the semi-discretization gives rise to systems of non-linear algebraic

squations with a tridiagonal Jacobian matrix.

2.3.3. A method of Samarskii

Assume that in (2.9) ¥] and ?2 can be defined such that 8%1/8§,and

> >
sz/ay are triangular and negative definite. Then, we obtain an algorithm

Fpx MATHERAATIONN DLNTIUM
EIBLIOTHERK Minte

AMBTEHDAM




f a type suggested by SAMARSKII [13] (Samarskii considers the linear case
» - >
x,5) =AY + g().

'.3.4. Some stability theorems

We conclude this section with giving some known stability results on
he amplification matrix (2.12"), which are of direct relevance to the appli-
.:ations mentioned above. For a precise interpretation of these results we
‘efer to the given literature (see also YANENKO [16] for a discussion of
tability). Remember that in (2.12") Zi = thi depends on the stepsize h_,

hich is not necessarily constant (cf. section 2.2).

HEOREM 2.1. Let the matrices Iy and I, have the following properties:

) Jl and I commute,
T

) Jl + Jr and J, + J, are non-positive definite, then HRZ(Z],ZZ)II2 <1,

fbr every stepsize h_.

This theorem expresses the desirable property of unconditional sta-
ility for varying stepsizes. When the matrices J1 and J2 are not constant,
ut satisfy the assumptions at each integration step, the theorem remains

alid. For non-commuting matrices we have

HEOREM 2.2. Let hn = h, h constant. Let the matrices Iy
e non-positive definite. Then Rg(z],zz) 18 uniformly bounded in n for

very stepsize h.

T T
+ Jl and Jz + J2

This theorem expresses the desirable property of unconditional sta-

ility for constant stepsizes. Here the matrices J1 and J2 must remain

onstant.

Both theorems immediately follow from

EMMA 2.1. Let M denote a square real matrix with transposed matriz MT,
uch that M + M' s non-positive definite. Let p > 0, then

) pI - M is non-singular,

y eI - M)"n2 <o

) TGeI+ Ml -m I

“~

IA
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emma was originally posed by KELLOG [10], who stated and proved the
for linear operators on Hilbert spaces. For our, more simpler case,

mma can be easily proved using elementary matrix theory.

Finally a result concerning the stability function (cf. (2.8))
d to (2.12").

< 0 and Re z, < 0.

M 2.3. |R2(21,22)| <1 Zf Re z, 5

The proof follows immediately from the well-known result:

z)/(2 - z)| <1 if Re z < 0.
ER EXAMPLES OF EXISTING SPLITTING METHODS

In section 2.3 we derived a two-term splitting method which, for

oper definition of the functions ?1 and T , appeared to be an alter-

2
direction method of the Peaceman-Rachford type. In the present sec-

e give some further examples of splitting methods which are known in
terature, and which all belong to class (2.1). Here, T is supposed to

ate from semi-discretization of a k-dimensional parabolic equation

ch the differential operator can be written as a sum of k one-dimen-
operators. The functions %i then should represent these one-dimen-
operators which may be linear and non-linear.

In the present section we do not discuss specific stability properties
various schemes, as this falls outside the scope of the paper. We

e that when the amplification matrix is factorized, results are most

 obtained using Kellog's lemma. In case of a non-factorized matrix

s can be obtained by means of the stability function.

. three-term splitting method of Gourlay and Mitchell

Let k = m = 3, and define

>(1) >

_ > 1 - 1 (1)
ntl ~ Y ¥ zhnfl(yn) * 2hn¥2(yn+l)’




- ->(1 >(1 >(2
3.1) yifi = Yi+i 2h ? ( §+2 zh ? ( )

> _ >(2) (2) >

Yoe1 = Ypu1 T ? n+l 2hn_fl(ynﬂ)'

his type of method has been suggested by GOURLAY & MITCHELL [7]. 2

roperty of this three-stage scheme is that it is of second order, i
ed, and unconditionally stable for a relevant class of problems. 1 ;
ue to the combination of the alternating direction and locally one -

ional principles. The generating matrices for (3.1) are given by

] 0 0 0
(AJ[—]) = % 0 0 0 H
i 0 0 3
0 3 0 0
= 1
3.2) (Ajﬂz) 0 3 0 0 s
o 4 ) 0
0 0 0 0
= 1 1
o} ! 0
rom these parameter matrices the second order conditions of table e

asily verified.

.2. Examples of k-term splitting methods

In the present subsection m is always equal to k.

.2.1. Locally one-dimensional methods of Yanenko

-(0) _ >
yn+1 - Yns

3.3) Ta) = Ve b 0B GUTD) v n 6N, 5




15

-> _ >(k)

Yn+el = Ynere
d (3.3) is called the locally one-dimensional method (YANENKO [16,
). The free parameter a usually equals ! or 1. The method is of first

, which immediately follows from the parameter definition: Aji—li= 1-a,

a, 1 = 1(1)j, j = 1(1)k, and zero otherwise.

. The method of approximation corrections of Yanenko

-+(0) >
n+l ~ In?

n+l n+l
k
- _ > (k- 1)
yn+1 - yn * hn izl f ( n+1 ).

type of method also proceeds from YANENKO [16, p.128], who called it
esthod of approximation corrections. It is charaterized by the fact
stability is achieved in the preliminary stages, while accuracy is
1ed at the last stage. The method is of first order. The parameters
iven by A... =4, i =1(1)j, j = 1(1)k-13 A . =1, 1= 1(1k,

jii ? > "kk-11
aro otherwise.

» The method of stabilizing corrections of Douglas and Gunn

k
>(1) _ > >(1)
Ypel = Yp * B 122 G +0t G,
San = Vg < RHACHES X3 <y(3) j =2k,
- _ >(k)
Yn+1 T Ynsre

< 3 this type of splitting method was introduced by DOUGLAS &

JRD [3], and later, in its general form, formulated by DOUGLAS &

5] (see also YANENKO [16, p.126]). Method (3.5) is called the method
ibilizing corrections. At the first stage, an accurate approximation
1luated, while all succeeding stages are corrections and serve to

re the stability. Method (3.5) is also of first order, and its
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parameters are given by AjOi =1, i = 3j+1(k, j = 1(1)k; A jii =1,

i=1(1)3, j = 1(1)k, and zero otherwise.

3.2.4. Generalized Douglas methods

-(1) > . > = - +(1)
n+l =~ Yo ¥ Ehngl(yn) * by iZZ jf>i(yn) + th ? (y
(3.6) *ﬁii = *ﬁill) hn?j(§n) + h %’(*ﬁif j= 2()k,

_ 2>(k)
n+l ~ Tp+l”

-+

y
fethod (3.6) is a second order analogue of method (3.5). The three-term
scheme of this class originates from DOUGLAS [4]. As far as we know, the
jeneral case has not been discussed in the literature. The parameters are
riven by AjOi =41, 1=1(1)j; AjOi =1, 1= j+1(1)k; Ajii =4, 1=1(1)j;

‘or j = 1(1)k, and zero otherwise.
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